THU-99/06 
hep-tli/9902149 



SUPERMEMBRANES IN CURVED SUPERSPACE 
AND NEAR-HORIZON GEOMETRIES 

b> ■ B. DE WIT 

0^ . Institute for Theoretical Physics, Utrecht University 

'""' ; Princetonplein 5, 3508 TA Utrecht, The Netherlands 

r^ • E-mail: bdewit@phys.uu.nl 

D . 

Ph ■ Abstract 

^SJ ' We give a description of supermembranes in nontrivial target-space geometries. 

I A special class are the AdS4 x 5^ and AdSj x S* spaces that have the maximal 

'"^ ' number of 32 supersymmetries. 

JZ^ , Lecture presented at the 22-nd Johns Hopkins Workshop, Novelties in String 

^ ■ Theory, Goteborg, August 20-22, 1998. 
T-H ! 

CN ■ 

O ■ 1 Introduction 

0^ ■ The original study of supermembranes [Q was motivated by the desire to find 

^ I a consistent quantum- mechanical extension of 11-dimensional supergravity |^ 

"*T^ ■ along the same lines that string theory defines a quantum-mechanical exten- 

f^ il sion of 10-dimensional supergravity theories. In 11 spacetime dimensions the 

4j ■ supermembrane can consistently couple to a superspace background that satis- 

fies a number of constraints which are equivalent to the supergravity equations 
^ ■ of motion. The supermembrane action can also exist in 4, 5 and 7 spacetime 

k>( I dimensions, just as the Green-Schwarz superstring [pi is classically consistent 

'V^ ■ in 3,4,6 and 10 dimensions. Guided by string theory it was natural to expect 

Cd ' that the massless states of the supermembrane would correspond to those of 11- 

dimensional supergravity. However, the supermembrane mass spectrum turned 
out to be continuous B and in that situation it was cumbersome to directly 
prove or disprove the possible existence of massless states M H]. The difficul- 
ties in making sense of the supermembrane mass spectrum and the fact that 
11-dimensional supergravity seemed to have no place in string theory, formed 
an obstacle for subsequent development of the theory. More recently, however, 
interest in supermembranes was rekindled by the realization that 1 1-dimension- 
al supergravity does have its role to play as the long-distance approximation 
to M-theory [R, 0, 0, 10 . M-theory is the conjectured framework for unifying 



^ 



all five superstring theories and 11-dimensional supergravity. It turns out that 
supermembranes, M-theory and super matrix theory are all intricately related. 
An important observation was that it is possible to regularize the superme- 
mbrane in terms of a super matrix model based on some finite group, such as 



U(A''). In the limit of infinite N one then recovers the supermembrane O. These 
supersymmetric matrix models were constructed long ago [O] and can be ob- 
tained from supersymmetric Yang-Mills theories in the zero- volume limit. More 
recently it was realized that these models describe the short-distance behaviour 
of N Dirichlet particles [E2J . The continuity of the spectrum is then understood 
directly in terms of the spectrum of A''-particle states. A bold conjecture was 
that the super matrix models capture the degrees of freedom of M-theory ||l3| . 
In the large- TV limit, where one considers the states with an infinite number 
of particles, the supermembranes should then re-emerge. Furthermore there is 
new evidence meanwhile that the supermembrane has massless states, which will 
presumably correspond to the states of 11-dimensional supergravity, although 
proper asymptotic states do not exist. The evidence is based on the matrix 
model regularization of the supermembrane ||lj| . For fixed value of N the ex- 
istence of such states was foreseen on the basis of identifying the Kaluza-Klein 
states of M-theory compactified on S^ with the Dirichlet particles and their 
bound states in type-IIA string theory. 

From this viewpoint it is natural to consider the supermembrane in curved 
backgrounds associated with 11-dimensional supergravity and it is the purpose 
of this talk to report on progress in this direction. Such backgrounds consist of a 
nontrivial metric, a three-index gauge field and a gravitino field. This provides 
us with an action that transforms as a scalar under the combined (local) su- 
persymmetry transformations of the background fields and the supermembrane 
embedding coordinates. Here it is important to realize that the supersymme- 
try transformations of the embedding coordinates will themselves depend on 
the background. When the background is supersymmetric, then the action will 
be supersymmetric as well. In the light-cone formulation this action leads to 
models invariant under area-preserving diffeomorphisms, which in certain sit- 
uations can be approximated by matrix models in curved backgrounds. The 
area-preserving diffeomorphisms are then replaced by a finite group, such as 
U(A^), but target-space diffeomorphisms are no longer manifestly realized. Ma- 
trix models in curved space have already been the subject of independent studies 
[ [l5| . Also in view of the relation between near- horizon geometries and confor- 
mal field theories iQ interesting classes of backgrounds are the ones where the 
target space factorizes locally into the product of an anti-de Sitter space and 
some compact space. Examples of these are the ^^5*4 x S*^ and AdSr x S'^ 
backgrounds that we discuss at the end of the talk. 

2 Supermeinbranes 

Fundamental supermembranes can be described in terms of actions of the Green- 
Schwarz type, possibly in a nontrivial but restricted (super)spacetime back- 
ground Q. Such actions exist for supersymmetric p-branes, where p = 0, 1, . . . , d- 
1 defines the spatial dimension of the brane. Thus for p = we have a super- 
particle, for p = 1 a superstring, for p = 2 a supermembrane, and so on. The 
dimension of spacetime in which the superbrane can live is very restricted. These 



restrictions arise from the fact that the action contains a Wess-Zumino-Witten 
term, whose supersymmetry depends sensitively on the spacetime dimension. 
If the coefficient of this term takes a particular value then the action possesses 
an additional fermionic gauge symmetry, the so-called K-symmetry. This sym- 
metry is necessary to ensure the matching of (physical) bosonic and fermionic 
degrees of freedom. In the following we restrict ourselves to supermembranes 
(i.e., p = 2) in 11 dimensions. 

The 11-dimensional supermembrane is written in terms of superspace em- 
bedding coordinates Z^{() = {X'^{(),9°'{C,)), which are functions of the three 
world- volume coordinates C (* = 0, 1,2). It couples to the superspace geome- 
try of 11-dimensional supergravity, encoded by the supervielbein Em"^ and the 
antisymmetric tensor gauge superfield Bmnp, through the action^ 

S[zi0] = / d'C [ - V-9iz{0) - -,e''' nf nf n^ BcBA{ziO) ] , (i) 

where 11^ = dZ^'' /d^ Em^ is the pull-back of the supervielbein to the mem- 
brane worldvolume. Here the induced metric equals gtj = Ulll'j rjrs, with ijrs 
being the constant Lorentz-invariant metric. This action is invariant under local 
fermionic K-transformations alluded to above, given that certain constraints on 
the background fields hold, which are equivalent to the equations of motion of 
1 1-dimensional supergravity ||l| . 

zed by 

= 0, 

= 0. 

(2) 

The gamma matrices are denoted by F''; gamma matrices with more than one 
index denote antisymmetrized products of gamma matrices with unit weight. In 
flat superspace the supermembrane Lagrangian, written in components, reads 
(in the notation and conventions of [||), 



Flat superspace is characterized by 
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^d^x^id^x" + §^8^9) + Ur^'d.e evdj0 , (3) 



The target space can have compact dimensions which permit winding membrane 
states. In flat superspace the induced metric, 

5y = {d,x^ + eT''d,9){djX'' + dVd.e) 77^, , (4) 

is supersymmetric. Therefore the first term in (0) is trivially invariant under 
spacetime supersymmetry, 

5X^ ^ -eTf'e , S0^e. (5) 



^Our notation and conventions are as follows. Tangent-space indices are A = (r, a), whereas 
curved indices are denoted hj M = {fj,, a). Here r, fi refer to commuting and a, a to anticom- 
muting coordinates. Moreover we take eoi2 = —e^^'^ = 1. 



In 4, 5, 7, or 11 spacetime dimensions the second term in the action proportional 
to e''^'^ is also supersymmetric (up to a total divergence) and the full action is 
invariant under K-symmetry. 

Let us now consider the supermembrane action for nontrivial backgounds, 
such as those induced by a nontrivial target-space metric, a target-space tensor 
field and a target-space gravitino field, corresponding to the fields of (on-shell) 
ll-dimensional supergravity. This background can in principle be cast into su- 
perspace form by a procedure known as 'gauge completion'. For ll-dimensional 
supergravity, the first steps of this procedure were carried out long ago 
and recently |1§|| the results were determined to second order in the fcrmionic 
coordinates 9. 

To elucidate the generic effects of nontrivial backgrounds for membrane the- 
ories, let us confine ourselves for the moment to the purely bosonic theory and 
present the light-cone formulation of the membrane in a background consisting 
of the metric Gfj,i, and the tensor gauge field Cp,i,p. In the subsequent sections we 
will include the fermionic coordinates. The Lagrangian density for the bosonic 
membrane follows directly from (m), 



C = 



^e'^''d,X'' djX'- 



d,XP C„ 



(6) 



where gij = diX^ djX'^ rjfj^^. In the light-cone formulation, the coordinates are 
decomposed in the usual fashion as {X^ , X^ , X"-) with a = 1 . . .9. Further- 
more we use the diffeomorphisms in the target space to bring the metric in a 
convenient form |19|| , 

G__ = Ga- = 0. (7) 

Just as for a flat target space, we identify the time coordinate of the target space 
with the world-volume time, by imposing the condition X^ = t. Moreover we 
denote the spacesheet coordinates of the membrane by cr'', r — 1,2. Following 
the same steps as for the membrane in flat space, one arrives at a Hamiltonian 
formulation of the theory in terms of coordinates and momenta. These phase- 
space variables are subject to a constraint, which takes the same form as for the 
membrane theory in flat space, namely. 



Pa drX"" + P_ drX- 



0. 



(8) 



Of course, the definition of the momenta in terms of the coordinates and their 
derivatives does involve the background fields, but at the end all explicit depen- 
dence on the background cancels out in the phase-space constraints. 

The gauge choice X^ = r still allows for r-dependent reparametrizations 
of the world-space coordinates tr'" In addition there remains the freedom of 
performing tensor gauge transformations of the target-space three-form C^vp- In 
order to write the theory as a gauge theory of area-preserving diffeomorphisms 
it is desirable to obtain a Hamiltonian which is polynomial in momenta and 
coordinates. Obviously one wants the background fields to be independent of 
X^. With suitable choices for the gauge condition one thus derives pSl, 
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e-^'drX'^dsX" PaC+-b + C-C+- L (9) 



where P_ — C_ equals a constant times ^Jw and C-ab has been set to a constant 
by a choice of gauge. Furthermore we made use of the definitions, 

Ca ~ —e^^drX dgX C-ab + 2^^^drX dgX'^ Cabc , 
C± = le^-'drX''dsX''C±ab, C+-=S^-'drX-dsX''C+-a- (10) 

At this point one can impose further gauge choices and set G-i = 1 and 

C-i a — 0. Taking also C'-ab = the corresponding Hamiltonian can be cast in 

Lagrangian form in terms of a gauge theory of area-preserving diffcomorphisms 

W-^^^C = ^{DoX'')^+DoX''{^Cabc{X'',X''} + Ga+) 

-i{X^ X^y + iG++ + h,C+ab{X^,X'} , (11) 

where the derivative is covariant with respect to area-preserving diffcomor- 
phisms. For convenience we have set {P-)o = 1. In the case of compact dimen- 
sions, it may not always be possible to set C-| a and C-ab to zero, although 

they can be restricted to constants. One can still follow the same procedure as 
above, but the Lagrangian then depends explicitly on X~, a feature that was 
already exhibited earlier for the winding membrane. However, in the case at 
hand, the constraint makes the resulting expression for X~ extremely nontriv- 
ial. The antisymmetric constant matrix C-ab was conjectured to play a role for 
the matrix model compactification on a noncommutative torus pl[ . It should 
be interesting to see what the role is of (0) in this context. 

With a reformulation of the membrane in background fields as a gauge the- 
ory of area-preserving diffcomorphisms at one's disposal, one may consider its 
regularization through a matrix model by truncating the mode expansion for 
coordinates and momenta. This leads to a replacement of Poisson brackets by 
commutators, integrals by traces and products of commuting fields by sym- 
metrized products of the corresponding matrices. At that point the original 
target-space covariance is affected, as the matrix reparametrizations in terms 
of symmetrized products of matrices do not possess a consistent multiplication 
structure; this is just one of the underlying difficulties in the construction of 
matrix models in curved space [[l5[ . With the above results at hand one may 
study interactions between membranes by considering the behaviour of a test 
membrane in a background field induced by another membrane |23| . 

3 Superspace backgronds 

It is possible to express superspace backgrounds in terms of the component fields 
of 11-dimensional supergravity, by means of a technique called gauge completion. 



We refer to ref. 18 for the details. The superspace geometry with coordinates 
Z^ = (x^, 0") is encoded in the supervielbein Em^ and a spin-connection field 
Q.M ■ In what follows we will not pay much attention to the spin-connection, 
which is not an independent field. Furthermore we have an antisymmetric tensor 
gauge field BmnPi subject to tensor gauge transformations, 

SBmnp — id^M'^NP] ■ (12) 

Unless stated otherwise the derivatives with respect to are always left deriva- 
tives. 

Under superspace diffeomorphisms corresponding to Z*^ -^ Z^ + 'E.^'^ (Z), 
the super-vielbcin and tensor gauge field transform as 

SBmnp = ^ QqEmnp + '^d[M'^ B^Q^jsfpj . (13) 

Tangent-frame rotations are Z-dependent Lorentz transformations that act on 
the vielbein according to 

SEM^^^{A'^'Lrs)''BEM'', (14) 

where the Lorentz generators Lrs are defined by 

i(A'-U,,)*„ = A^ , i(A^U,,)% = ^A'-^TrsTb . (15) 

The superspace that we are dealing with is not unrestricted but is subject 
to certain constraints and gauge conditions. Furthermore, we will not describe 
an off-shell situation as all superfields will be expressed entirely in terms of the 
three component fields of on-shell 11-dimensional supergravity, the elfbein e^^*", 
the antisymmetric tensor gauge field C^i/p and the gravitino field ip^^. As a re- 
sult of these restrictions the residual symmetry transformations are confined to 
11-dimensional diffeomorphisms with parameters ^''(a;), local Lorentz transfor- 
mations with parameters A*"* (x) , tensor-gauge transformations with parameters 
^fiu{x) and local supersymmctry transformations with parameters e(x). To de- 
rive how the superfields are parametrized in terms of the component fields it is 
necessary to also determine the form of the superspace transformation param- 
eters, S*^, A*"* and 'E.mn, that generate the supersymmctry transformations. 
Here it is important to realize that we are dealing with a gauge-fixed situation. 
For that reason the superspace parameters depend on both the x-dependent 
component parameters defined above as well as on the component fields. This 
has the consequence that local supersymmctry transformations reside in the 
superspace diffeomorphisms, the Lorentz transformations and the tensor gauge 
transformations. Thus, when considering supersymmctry variations of the var- 
ious fields, one must in principle include each of the three possible superspace 
transformations. 

For further details we refer to ref. 18 and we proceed directly to the results. 
For the supervielbein Em the following expressions were found. 



+^r'- 



i iOff'Tst + V"^ F,,,A o + o{e^), 



E^"" = S^ + M^'^+Oie^), (16) 

where Mq" characterizes the i^6'^-contributions, which have not been evaluated. 
Observe that Eff was determined only up to terms of order 6^. The result for 
the tensor field Bmnp reads as follows, 

Bfj,i,p = Cpjyp — 6 OT[f^^^/jp] — 3 9T[p^ — juipf^ Trs + Tpf ""^ F^xkt 

Bp.o. = iOTp,)„ - ^evp^bip (^r,]p)„ + K^r"), eVp^^^j,] + oie"") , 
Bc^M = (^r^.)(a(^r^)/3(e"r'^K) + o(0'). (i7) 

For completeness we included the 0'^-term in Bap-^ which were already known 
from the flat-superspace results (g). 

Then we turn to some of the transformation parameters. The supersym- 
metry transformations consistent with the fields specified above, are generated 
by superspace diffeomorphisms, local Lorentz transformations and tensor gauge 
transformations. We only present the parameters for the superspace diffeomor- 
phisms here and refer to the literature for more complete results |Q , 

S'^(e) = ^r^e-0r''e0r^V^ + 0(6*3), 

+eT''e eT^'^p, ^p" + lOVeujl' (r,,0)" + e^ Np'^ + 0{e^) , (18) 

where Nff encodes unknown terms proportional to FO^. 

Substituting the above results into the initial supermembrane action (|l|) we 
obtain the action for a supermembrane in a supergravity background to or- 
der 6'^. While the original action was manifestly covariant under independent 
superspace diffeomorphisms, tangent-space Lorentz transformations and tensor 
gauge transformations, this is no longer the case and one has to restrict oneself to 
the superspace transformations corresponding to the component supersymme- 
try, general-coordinate, local Lorentz and tensor gauge transformations. When 
writing (Q) in components, utilizing the expressions found above, one thus ob- 
tains an action that is covariant under the restricted superspace diffeomorphisms 
( p^ acting on the superspace coordinates Z^^ = {X^^, 9°') (including the space- 
time arguments of the background fields) combined with usual transformations 
on the component fields. Note that the result does not constitute an invariance. 
Rather it implies that actions corresponding to two different sets of background 
fields that are equivalent by a component gauge transformation, are the same 
modulo a reparametrization of the supermembrane embedding coordinates. In 



order to be precise let us briefly turn to an example and consider the action of 
a particle moving in a curved spacetime background with metric g^j/ , 



5[X^.g^,(X)] - -m / dt ^~g^,{X{t))X^{t)X-{t). 



(19) 



This action, which is obviously invariant under world-line difFeomorphisms, sat- 
isfies S[X'^',g'^^{X')] = S[X^',g^,,{X)], where X' ^' and X^' are related by a 
target-space general coordinate transformation which also governs the relation 
between g'^^^ and g^v Of course, when considering a background that is invariant 
under (a subset of the) general coordinate transformations (so that g = g'), then 
the action will be invariant under the corresponding change of the coordinates. 
This is the situation that we will address in the next section, where we take a 
specific background metric with certain isometrics. In that context the relevant 
target space for ( p9| ) is an anti-de Sitter (AdSd) space, which has isometrics that 
constitute the group SO{d — 1,2), where d is the spacetime dimension. Then 
(lOh describes a one-dimensional field theory with an SO((i — 1,2) invariance 
group. In the particular case of d = 2 this invariance can be re-interpreted as a 
conformal invariance for a supersymmetric quantum mechanical system. n 

Using the previous results one may now write down the complete action 
of the supermembrane coupled to background fields up to order Q"^ . Direct 
substitution leads to the following result for the supervielbein pull-back, 



n[ = d,X^[e^^^1BV''^^,-\dY-''dCj^,t + BY'T^'>-^dF, 



vpa\ 



n? 






(20) 



Consequently the induced metric is known up to terms of order 9^. Furthermore 
the pull-back of the tensor field equals 



-ie^^'= Uf Uf W^ BcBA = -^e^^'d^^' d^Z"" d^Z^ B 



PNM — 
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Cfiup — QdV^j^jj^p + j9Trs^^i.v0u}p 



^3 0Tp,Tp''^^^0F,x.r - 12 9T,^^, OT^^p 



-e'^HT.^due 



-\e'^''d^Xi'djX 



i d^X'^idjX'' + 9^8,9) -t- i 9T^'d,9 9T''dj9 
4 9Tp^dk9 9TP^, -29TPdk9 9Tp^^, 



0{9^), (21) 



where we have introduced the abbreviation dX'^''^ = e^^^ diX'^'- djX'^ dkX^ for 
the world- volume form. Observe that we included also the terms of higher-order 



■^This situation arises generically for any p-brane moving in a target space that is locally the 
product of AdSpj,-2 and some compact space. The conformal interpretation was emphasized 
in rcf. 23. 



^-terms that were determined in previous sections and listed in (O). The first 
formula of ( po| ) and ( pi| ) now determine the supermembrane action (nl) up to 
order 9^ . It has been shown that the resulting expressions are consistent with 
supersymmetry and K-invariance pq |. 

4 Near-horizon geometries 

In the previous section we discussed the determination of superspace quantities, 
i.e. the superspace vielbein and the tensor gauge field, in terms of the fields of 11- 
dimensional on-shcU supcrgravity. The corresponding expressions arc obtained 
by iteration order-by-order in coordinates, but except for the leading terms it 
is hard to proceed with this program. Nevertheless these results enable one to 
write down the 11-dimensional supermembrane action coupled to a nontrivial 
supcrgravity component-field background to second order in 9, so that one can 
start a study of the supermembrane degrees of freedom in the corresponding 
background geometries. 

However, in specific backgrounds with a certain amount of symmetry, it is 
possible to obtain results to all orders in 9. Interesting candidates for such back- 
grounds are the membrane |^^ and the five-brane solution ^^ of 11-dimensional 
supcrgravity, as well as solutions corresponding to the product of anti-de Sitter 
spacetimes with compact manifolds. Coupling to the latter solutions, which ap- 
pear near the horizon of black D-branes pq | , seem especially appealing in view 
of the recent results on a connection between large- TV superconformal field the- 
ories and supcrgravity on a product of an AdS space with a compact manifold 
[16J . The target-space geometry induced by the p-branes interpolates between 
AdSp-\-2 X B near the horizon, where B denotes some compact manifold (usually 
a sphere), and flat {p+ l)-dimensional Minkowski space times a cone with base 
B. 

This program has been carried out recently for the type-IIB superstring 
and the D3-brane in a IIB-supergravity background of this type [^, ^, P9| . 
In the context of 11-dimensional supcrgravity the ^^5*4 x 5^ and AdS7 x S'^ 
backgrounds stand out as they leave all 32 supersymmetries invariant [pO] , |3l| . 
These backgrounds are associated with the near-horizon geometries correspond- 
ing to two- and five-brane configurations and thus to possible conformal field 
theories in 3 and 6 spacetime dimensions with 16 supersymmetries, whose exact 
nature is not yet completely known. In this section we consider the superme- 
mbrane in these two backgrounds Q. As the corresponding spaces are local 
products of homogeneous spaces, their geometric information can be extracted 
from appropriate coset representatives leading to standard invariant one-forms 
corresponding to the vielbeine and spin-connections. The approach of ref. 32 
differs from that of ref. 33; in the latter one constructs the geometric informa- 
tion exploiting simultaneously the /c-symmetry of the supermembrane action, 
while in ref. 32 the geometric information is determined independently from 
the supermembrane action. The results for the geometry coincide with those of 
ref. 34. 



As is well known, the compactifications of the theory to AdS^ x 5^ and 
AdSj X 5** arc induced by the antisymmetric 4-rank field strength of M-theory. 
These two compactifications are thus governed by the Freund-Rubin field /, 
defined by (in Pauli-Kallen convention, so that we can leave the precise signature 
of the spacetime open), 

with e the vicrbcin determinant. When / is purely imaginary we are dealing with 
an AdSi x S*^ background while for real / we have an AdS^ x S*^ background. The 
nonvanishing curvature components corresponding to the 4- and 7-dimensional 
subspaces are equal to 

^^vpa ^J \9pp9i'(y 9p(j9i^p) 7 

-K^V'p'ct' = ./ \9p' p' 9i''a' ^ 9p'iy' 9i^' p') ■ \^'^) 

Here ^^VjPja and /i' , z^' , p' , ct' are 4- and 7-dimcnsional world indices, respec- 
tively. We also use m^j for the inverse radii of the two subspaces, defined 
by l/P = "TiT^ = jrn4^. The Killing-spinor equations associated with the 32 
supersymmetries in this background take the form 

{d^ - /7^75 ® l) e = [d^, + i/1 ® 7;,) e = , (24) 

where we make use of the familiar decomposition of the (hcrmitcan) gamma 
matrices 7^ and 7' / , appropriate to the product space of a 4- and a 7-dimensional 
subspace. Here I?^ and D^i denote the covariant derivatives containing the 
spin-connection fields corresponding to S0(3,l) or S0(4) and S0(7) or S0(6,l), 
respectively. 

The algebra of isometrics of the AdS4 x S'^ and ^^5*7 x S"^ backgrounds is 
given by osp(8|4; R) and osp{6, 2|4). Their bosonic subalgebra consists of so(8)© 
sp(4) ~ so(8) e so(3,2) and so(6, 2) ® usp{4) ~ so(6, 2) so(5), respectively. 
The spinors transform in the (8, 4) of this algebra. 

One may decompose the generators of osp(8|4) or osp(6, 2|4) in terms of 
irreducible representations of the bosonic so(7) ® so(3, 1) and so(6, 1) so(4) 
subalgebras. In that way one obtains the bosonic (even) generators Pr, Mrs, 
which generate so(3, 2) or so(5), and Pr', Mr's' , which generate so(8) or so(6, 2). 
All the bosonic generators are taken antihermitean (in the Pauli-Kallen sense). 
The fermionic (odd) generators Qaa' are Majorana spinors, where we denote the 
spinorial tangent-space indices by a, 6, . . . and a', 6', . . . for 4- or 7-dimensional 
indices. The commutation relations between even generators are 

[Pr,Ps\ - -^pMrs, [Pr',Ps'] - pMr's', 

[Pr,Mst] - 5rsPt-5rtPs, [Pr',Ms't'] = 5r' s' Pf - 5r't' Ps' , 

[Mrs, Mtu] = 5ru Mst + Sst Mm [Mr' s' , Mfu'] = 5r'u' Ms'f + Ss't' Mr'u' 

-Srt Msu - Ssu Mrt , -Sr't' Mg'u' - 5 s' u' Mr't' 

(25) 
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The odd-even commutators are given by 

[Pr,Qaa'] = - 1 {irTo) a" Qba' , [Pr',Qaa'] = -\l{ir')a'''' Qab' , 

[Mrs,Qaa'] = -\{lrs) a^ Qba' , [M^'s'^Qaa'] = - ^ (7'r's' )a' '' Qab' ■ 

(26) 
Finally, we have the odd-odd anti-commutators, 

{Qaa',Qw} = -h5C)ab(2{j'r'C')a'b'P''' -f{l'r's'C')a'b'M-''') 

-C'a'b' (2{^rC)ab P' + 2f{jrsl^CU M'^'^ . (27) 

All other (anti)commutators vanish. The normalizations of the above algebra 
were determined by comparison with the supersymmetry algebra in the conven- 
tions of fla] in the appropriate backgrounds. 

However, one can return to 11-dimensional notation and drop the distinc- 
tion between 4- and 7-dimensional indices so that the equations obtain a more 
compact form. In that case the above (anti)coinmutation relations that involve 
the supercharges can be concisely written as, 

{Q,Q} = -2r,P'- + ^[r'^^*™"'F,™„H-24rt„F'^^*"]M,,, (28) 
where the tensor T equals 



rp stUV 

^^ ~ 288 



i_/p^.t™_g^[.pt™]\ (29) 

Note, however, that the above formulae are only app licable in the background 
where the field strength takes the form given in (|22|). In what follows, we will 
only make use of (p^). 

5 Coset-space representatives of AdS^ x 5^ and 
AdSj X S^ 

Both backgrounds that we consider correspond to homogenous spaces and can 
thus be formulated as coset spaces. In the case at hand these (reductive) coset 
spaces G/H are OSp{8\A;R)/SO{7) x SO{3,l) and OSp{6,2\4)/SO{6,l) x 
5*0(4). To each element of the coset G/H one associates an element of G, 
which we denote by L{Z). Here Z^ stands for the coset-space coordinates x^ , 
6°" (or, alternatively, x^ , y'^ and 0"" ). The coset representative L transforms 
from the left under constant G-transformations corresponding to the isometry 
group of the coset space and from the right under local iJ-transformations: 
L^ L' = gLh-^. 
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The vielbein and the torsion-free iJ-connection one-forms, E and fJ, are 
defined through^ 

dL + Ln = LE, (30) 



E^E^'Pr + EQ, n^^n^'^Mrs- (31) 



where 



The integrabihty of (^0|) leads to the Maurer-Cartan equations, 

dn-riAn-^E'' AE' [Pr,Ps] 



288 



T^rstuvw rp i n /i p j^rstu 



EMr 



dE'' -^n"'" /\E,-EV AE = 0, 

dE + E'' A r/™'"£; Ftuvw - i^^''' A r^,£; = , (32) 

where we suppressed the spinor indices on the anticonimuting component E"^ . 
The first equation in a fermion-free background reproduces ( |23| ) upon using the 
commutation relations (pq). 

Now the question is how to determine the vielbeine and connections to all 
orders in 9 for the spaces of interest. First, observe that the choice of the cosct 
representative amounts to a gauge choice that fixes the parametrization of the 
coset space. We will not insist on an explicit parametrization of the bosonic part 
of the space. It turns out to be advantageous to factorize L{Z) into a group 
element of the bosonic part of G corresponding to the bosonic coset space, 
whose parametrization we leave unspecified, and a fermion factor. Hence one 
may write 

L{Z) = (.{x) L{9) , with L{9) = exp[^g] . (33) 

There exists a convenient trick |g^, |2^, ^ according to which one first rescales 
the odd coordinates according to 9 ^ tO, where t is an auxiliary parameter that 
we will put to unity at the end. Taking the derivative with respect to t of ( pO| ) 
then leads to a first-order differential equation for E and f2 (in 11-dimensional 
notation), 

E-n = d9Q + {E-fl)9Q-§Q{E~n) (34) 

After expanding E and Q on the right-hand side in terms of the generators and 
using the (anti)commutation relations (pq) we find a set of coupled first-order 
linear differential equations, 

Tpa t AG I rpr rri stuv rj rri 1 O^^ T^ /3 

rj — \ at) + ±!j Ir Vtstuv — J^l' i rsf 



E"" = 29r''E, 

' ^ E. (35) 



" ~ 72 



j^rstuvw 771 I 0/1 "n jprstu 



•^A one-form V stands for V = AZ^Va and an exterior derivative acts according to dV : 
-dZ^ A dZ^ SaVb- Fermionic derivatives are thus always left-derivatives. 
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These equations can be solved straightforwardly pq| and one finds 

16 

15 

E^{x,Q) ^ d:r^< + 2^ eV^M'-DB (36) 



^ (2n + 2) 



n'-%x,e) = dx^'uJ^ 



M 



15 1 

n— 



where the matrix A^^ equals, 

2 (T/*''' 

-2M(r- ^)° (^"r'*™"^tu.» + 2ArtuF'^''^])b . (37) 



(A^^)^ = 2{T/'^^erFstuv{0T'') 



b 

TStUI 



and 



d0 + e'-T/'™0F,t™- V^r,,0 . (38) 



L)6I" EE ^"^ 

It is straightforward to write down the lowest-order terms in these expansions, 



^ = d0 + (e'-r/*™F,t™-X'rr.)^ + o(e^), 

r!'-'^ - c^'-^ + ^^[r'-^*"™Ft„,^+24r,„F'-^*"]d0 + O(04)^ (39^ 

which agree completely with those given in section 8 (and, for the spin-connection 
field, in ref. 17). 

This information can now be substituted into the first part of the super- 
membrane action (n]). By similar techniques one can also determine the Wess- 
Zumino-Witten part of the action by first considering the most general ansatz 
for a four-form invariant under tangent-space transformations. Using the lowest- 
order expansions of the vielbeine (p9) and comparing with ref. 18 shows that 
only two terms can be present. Their relative coefficient is fixed by requiring 
that the four-form is closed, something that can be verified by making use of 
the Maurer-Cartan equations (p2). The result takes the form 



^(4) - i! 



1 „. „. „. „..„ „. „. ^^^^ 



E'' AE' AE^ A E^'Frstu -12E A TrsE A E'' A E' 



To establish this result we also needed the well-known quartic-spinor identity in 
11 dimensions. The overall factor in (EW) is fixed by comparing to the normal- 
ization of the results given in ref. 18. 

Because F(4-) is closed, it can be written locally as ^(4-) = dB. The general 
solution for B can be found by again exploiting the one-forms with rescaled 9 
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coordinates according to ^ tO and deriving a differential equation. Using the 
lowest order result for B this equation can be solved and yields 

B = i e'' A e" A e* Crst - f dt eV^sE A E'' A E' , (41) 

Jq 

where the vielbein components contain the rescaled 0's. This answer immedi- 
ately reproduces the flat-space result upon substitution of Frstu — ^^'^ = 0. 

In order to obtain the supermembrane action one substitutes the above ex- 
pressions in the action ffl). The resulting action is then invariant under local 
fermionic K-transformations as well as under the superspace isometrics corre- 
sponding to osp(8|4) or osp(6, 2|4). 

We have already emphasized that the choice of the coset representative 
amounts to adopting a certain gauge choice in superspace. The choice that 
was made in ref. 32 connects directly to the generic 11-dimensional superspace 
results, written in a Wess-Zumino-type gauge, in which there is no distinction 
between spinorial world and tangent-space indices. In specific backgrounds, 
such as the ones discussed here, gauge choices are possible which allow further 
simplifications. For this we refer to refs. 28 and 36. 

The results of this section provide a convincing check of the low-order 9 re- 
sults obtained by gauge completion for general backgrounds [|8|, |l^. A great 
amount of clarity was gained by expressing our results in 11-dimensional lan- 
guage, so that both the AdS4 x S"^ and the AdSj x S"' solution could be covered 
in one go. Note that in both these backgrounds the gravitino vanishes. 

We have no reasons to expect that the 11-dimensional form of our results 
will coincide with the expressions for a generic 11-dimensional superspace (with 
the gravitino set to zero) at arbitrary orders in 0. 

From a more technical viewpoint it is gratifying that explicit constructions 
of supermembranes in certain nontrivial backgrounds are now possible. The 
complete M-theory two-brane action in AdS^ x 5^ and AdSj x S"* to all orders 
in 6 represents a further step in the program of finding the complete anti-de- 



Sitter background actions for the superstring |£7, 28 and the M2-, D3- [M and 
M5-branes initiated for the bosonic part in ref. 23. Furthermore, by studying 
the interaction between a test membrane in the background of an M2- or an 
M5-brane, one may hope to learn more about the interactions between branes. 
Some of these issues have already been considered recently p2i . 
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